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PRIMALTTY OF A CERTAIN CILASS OF INTEGERS
ABSTRACT
This report is concerned with determining the primeness of the members
+ 1 . .
of a class of numbers of the form, Bp === where p is an odd prime.

This class is similar to the Mersenne and Fermat numbers. A theorem is
proven which characterizes the factors of Bp. This study was conducted using

BRLESC, the high-speed digital computer at BRL and a description is given of

the program used. Finally, the Bp's that were found to be prime as well as
the B_'s that were found to be composite are tabulated.



The Mersenne numbers, which have the general form Mp =2P - l, and the
family of numbers, the Fermat numbers, which have the form Fp =2+ 1, have
been studied for centuries. Just recently a renewed interest in them has been

brought about by the use of the high-speed computers (see, for example, [5]*).

Since the Fermat numbers cannot be prime unless p is a power of two

(i.e.; unless p = 2" for some integer m), the Fermat numbers have been defined

as F_ = 2° + 1 and this is the form in which they have been investigated. To

B

see that Fp is composite when p is not a power of two, first note that a power

_ TT A~ n

ors. nenc

3
$
ct

of two cannot have any odd fa

ct e
write p = rs, where s > 1 is odd. Using the fact that when m is odd

we substitute x = xn, y = yn obtaining

LI oy yn)(xn(m-l) _ xn(m-2)yn + xn(m-3)y2n

_ xnyn(m—2) + yn(m-l))

r{s-1) r(s-2

P r1=2"54+1=(2"+1)(2 -2 ceee= 25+ 1)

which shows that F_ has a factor of of 4+ 1.

This paper is concerned with the case of p equal to an odd prime, so that

"

P 1o (24 1)(2Pt - ET

"

+
P..J
)

-1 -2 - - 2
_ 5[(22 P2y 4 (2P L 2Py L+ (2° - 2) + 1)

r

P41 = 3PP 1) 4 2P'“(2 - 1) 4ot 2(2 - 1) + 1]
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Clearly, Fp always has a factor of 5 when p is an odd prime. This gives
rise to the definition of a new family of numbers, Bp, where p is an odd prime

and

The following two lemmas are used in the proof of theorem I and this

result is utilized in determining the primeness of Bp'

Lemma 1 Mp 5 1 (mod p), for any odd prime p.
o e Tmeermm b o Al ~am APl o s N AP - s
Proof: By Fermat's theorem, 2 =1 \mod p; or & = 2 mdd pj,

Lemma 2: Bp = 1 (mod p), for any prime p > 3.

Proof: Adding 2 = 2 (mod p) and 1 = 1 (mod p), we obtain
Pir1=73 (mod p). Since 2P + 1 has a factor of 3 and the greatest common

divisor of p and 3 is 1 whenever

A J -

h3

> 3 and p is prime, it follows that

=] ~ _— Vaals

(ov)
|
[l

1 (mod p), [2, p. 223] .

ws that p is some

: t
divisor of q - oe, where B_ = ¢ (mod p) and M_ = o (mod p), see [1]. By the
1

H

previous lemmas, € = g = 1. Therefore, q - 1 = k'p for some k'. Since B

D
is odd, q must alsc be cdd. Consequently, K'p is even; and since p is an odd
prime, k' must be even. We can therefore set k' = 2k for some integer k and

hence q is of the form q = Zkp + 1.

Theorem II. If k in theorem I is odd, then q is of the form q = 8n + 3; and

if k is even, then q is of the form q = 8n + 1, for some integer n.

Proof: Since q = 2kp + 1,



g-1
Euler's Criterion states that if 2 2

m

1 (mod q), then 2 is a quadratic

Q-
residue of a prime q; and if 2 2 = -1 (mod q), then 2 is a non-residue of a
prime q, [4, p. 203].
Case A. k is even. In this case,
g-1
2 kp ~Pr\k k
2 =2 =2 =(-1)" =1 (mwd ) .

q=81+1lorq=20n+7, see (4, p. 278]. Since, by theorem I, we know
q=2p+1, @ #8n+ 7 for any n. Therefore, q = 8n + 1 for some integer n.
Case B. k is odd. Now, (-l)k = - 1 and hence

q-1

~ 2 k k

02 P _ (2Pyr=(-1)f=-1 (modq) .

2 is therefore a non-residue of a prime q. By induction, q 8n + 3 or

2kp + 1,

l

= 8n + 5 for some integer n, [4, p. 278]. Again, since q

1}

q # 8n + 5 for any n. Hence q = 8n + 5 for some n.

Using BRLESC, the high-speed digital computer of the Ballistic Research
Laboratories, a program was written +to determine the primeness of BP for odd
prime numbers p. This was accomplished by dividing by all possible divisors
of the form q = 2kp + 1. B_ was first examined for all odd primes less than
61, since ¢ imum word length of BRLESC. The results were that Bp
is prime for p = 3, 5, 7, 11, 13, 17, 19, 23, 31, L3. For p = 29, 37, b1, L7,

53, 59, B_ is composite with factors 59, 1777, 83, 283, 107, 2833 respectively.
-4

B6l was tested by determining whether or not the congruence

61 .
2% = _ 1 (mod 122 k + 1) held for some k. For k = 51,365 this congruence was
not satisfied; and hence, if B, has a factor, it must be between 6,266,531 and

4(251 +1)/3 .

was tested and found to have no factors less than or equal

7
32,577). Time did not permit these to be extended further.



When the program became too time consuming, a new program was written to
determine the set of Bp‘s that were not prime. The following method was used.
A prime number q greater than three was generated. Then the smallest integer
n > 0 was found such that 2" = 1 (mod q) or 2% = - 1 (mod q). If
2% = 1 (mod a), then ontl

with order n. Therefore, 2" # - 1 (mod q) for all n, so that q is a factor

= 2 (mod q) and the system of residues is cyclic

of Bp for no p. Also, if 2" = - 1 (mod q) and n is not a prime, then we can
conclude that q is a factor of Bp for no p. To see this, assume there does
exist some prime integer m such that m > n and M=o (mod q). Since

2" = - 1 (mod q) implies 2% = 4 (mod q), we know by the above argument the
system of residues is cyclic with order 2n. Therefore, n < m < 2n. By the
algebra of congruences, 2" - 2% = [(-1) - (-1)] (mod q) or 2 - 2% = 0 (mod q).
since 2" - 2% = ("™ - 1) and q aivides (2" - 2%) but not 2°, it follows that
q divides 2" - 1. But this implies 2" ™ = 1 (mod q). Since m - n < n, this
result contradicts the assertion that n is the least integer such that

21'1

21’1

m

+ 1 (mod q). Hence, q is a factor of Bp for no p. Finally, when

n

- 1 (mod q) and n is prime, we have that q is a factor of 2" + 1.

Since q > 3, q is, therefore, a factor of Bn'

This program has the advantage that, given a prime q, one can readily find
the p such that q divides Bp, if such a p exists. Hence, a systematic check
with each prime q will discover all p such that Bp has a factor in the group

of integers with prime factors less than or equal to q.

It took BRLESC almost 22 hours to compute all primes q, q < 299,087, find
an n such that 2% = 1 or - 1 (mod q) and then determine whether or not n was
prime. Of the 25,959 prime numbers less than or equal to 299,087, we found
1330 Bp's that were composite. Of these, 1262 Bp‘s had only one factor 1less
than 299,087; 59 Bp's had two factors less than 299,087; T had three factors
less than 299,087; and 2 had four factors less than 299,087. In examining
25,959 prime numbers, 5.4% turned out to be factors of the BP'S.

Finally, on the basis of these results, it would seem that prime Bp are
more frequent than prime Mp' From the first 16 odd primes, there are T prime
Mp compared with 10 prime Bp.



q = 299,007.

2kp + 1

Printed beside the p is the corresponding k such that q

a factor of B .

1S
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